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SHARP SYSTOLIC INEQUALITIES FOR 3-MANIFOLDS WITH
BOUNDARY
EDUARDO LONGA
Abstract. We prove two sharp systolic inequalities for compact 3-manifolds with boundary.
They relate the 1-systole and 2-systole of the manifold to its scalar curvature and mean
curvature of the boundary. In the equality case, the universal cover of the manifold is isometric
to a right cylinder over a disk of positive constant curvature.
1. Introduction
Systolic Geometry dates back to the late 1940s, with the work of Charles Loewner and his
doctoral student Pao Ming Pu. This branch of differential geometry received more attention
after the seminal work of Mikhail Gromov [6], where he proved his famous systolic inequality
and introduced many concepts, notably the filling radius and the filling volume of a manifold.
This line of research would be popularised, subsequently, by Marcel Berger, in a series of books
and articles (see [1], [2], [3], for example).
The main objects of Systolic Geometry are, as one would expect, the systoles. Let us recall
the definition. For a Riemannian manifold (Mn, g) and an integer 1 ≤ k < n, its homological
k-systole is given by
sysk(M) = inf{Vol(Σ) : Σ
k ⊂M closed and embedded, [Σ] 6= 0 ∈ Hk(M ;Z)}.
In a recent paper, D. Stern [7] gave a proof of the following systolic inequality, originally
proved by Bray-Brendle-Neves [4] in a stronger version:
Theorem 1.1. On a closed, connected and oriented Riemannian 3-manifold (M3, g) with pos-
itive scalar curvature RM and H2(M ;Z) 6= 0, we have
sys2(M) inf
M
RM ≤ 8pi.
Moreover, if equality holds, then the universal cover of M is isometric to the standard cylinder
S
2 × R up to scaling.
In this paper, we consider Riemannian 3-manifolds with nonempty boundary. Let (M3, g) be
such a manifold. Define its relative homological 2-systole by
sys2(M,∂M) = inf{Area(Σ) : Σ ∈ F and [Σ] 6= 0 ∈ H2(M,∂M ;Z)},
where F denotes the set of all compact and embedded surfaces Σ ⊂M such that ∂Σ ⊂ ∂M .
Inspired by Stern’s ideas, we prove the following:
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Theorem 1.2. Let (M3, g) be a compact, connected and oriented Riemannian 3-manifold with
nonempty boundary. IfM has positive scalar curvature (RM > 0), weakly mean-convex boundary
(H∂M ≥ 0) and H2(M,∂M ;Z) 6= 0, then
sys2(M,∂M) inf
M
RM ≤ 4pi.
Moreover, if equality holds, then the universal cover of M is isometric to the cylinder S2+ × R
up to scaling, where S2+ is a closed hemisphere of the unit round sphere.
Using the same ideas, we also prove:
Theorem 1.3. Let (M3, g) be a compact, connected and oriented Riemannian 3-manifold with
nonempty boundary. Assume that H2(M,∂M ;Z) 6= 0 and that the connecting homomorphism
H2(M,∂M ;Z) → H1(∂M ;Z) is injective. If M has positive scalar curvature (RM > 0) and
weakly mean-convex boundary (H∂M ≥ 0) then
1
2
sys2(M,∂M) inf
M
RM + sys1(∂M) inf
∂M
H∂M ≤ 2pi.
Moreover, if equality holds, then the universal cover of M is isometric to the cylinder B2r × R
up to scaling, where B2r is a geodesic ball of radius r = cos
−1
(
1− sys2(M,∂M)2pi
)
of the unit round
sphere.
Remark 1.4. The hypothesis on the connecting homomorphism H2(M,∂M ;Z)→ H1(∂M ;Z) is
satisfied if, for example, ∂M is connected and H2(M ;Z) = 0.
Finally, making a slight adaptation on the proof of Theorem 1.3, we obtain the following
corollary:
Corollary 1.5. Let (M3, g) be a compact, connected and oriented Riemannian 3-manifold with
nonempty boundary. Assume that H2(M,∂M ;Z) 6= 0 and that the connecting homomorphism
H2(M,∂M ;Z)→ H1(∂M ;Z) is injective. If M has nonnegative scalar curvature (RM ≥ 0) and
weakly mean-convex boundary (H∂M ≥ 0) then
sys1(∂M) inf
∂M
H∂M ≤ 2pi.
Moreover, if equality holds, then the universal cover of M is isometric to the right circular
cylinder D2 × R up to scaling, where D2 is the closed unit disk.
2. Proof of the theorems
We shall make use of the following result:
Theorem 2.1 ([5, Theorem 1.1]). Let (M3, g) be a compact, connected and oriented Riemann-
ian 3-manifold with boundary ∂M 6= ∅. For a harmonic map u : M → S1 = R/Z satisfying
homogeneous Neumann condition, we have the inequality
2pi
∫
S1
χ(Σθ) ≥
∫
S1
(∫
Σθ
1
2
(‖du‖−2‖Hess(u)‖2 +RM ) +
∫
∂Σθ
H∂M
)
,
where RM is the scalar curvature of M , H
∂M is the mean curvature of ∂M , Σθ = u
−1(θ) is a
regular level set of u and χ(·) denotes the Euler characteristic.
Proof of Theorem 1.2. Recall that Poincare´-Lefschetz duality gives an isomorphism
[M : S1] ∼= H1(M ;Z) ∼= H2(M,∂M ;Z).
Since we are assuming that H2(M,∂M ;Z) 6= 0, there is a non-trivial homotopy class [v] ∈ [M :
S
1]. Applying standard Hodge theory to the cohomology class v∗(dθ) ∈ H1dR(M) provides an
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energy-minimising representative u : M → S1. It can be shown that this function is harmonic
and satisfies homogeneous Neumann condition along ∂M .
In order to prove the theorem, fix such a map u : M → S1. By Theorem 2.1 and by the fact
that H∂M ≥ 0, we have the following inequalities:
2pi
∫
S1
χ(Σθ) ≥
∫
S1
(∫
Σθ
1
2
(‖du‖−2‖Hess(u)‖2 +RM ) +
∫
∂Σθ
H∂M
)
≥
1
2
inf
M
RM
∫
S1
Area(Σθ).(1)
Now notice that, whenever Σθ is a regular level set of u, it holds that [Σ] 6= 0 ∈ H2(M,∂M ;Z).
Indeed, if S is a connected component of Σθ and h = u
∗(dθ) is the gradient 1-form induced by
u, then ∫
S
∗h =
∫
S
|h| > 0,
where ∗h is the Hodge dual of h.
Also observe that, if N(θ) denotes the number of connected components of Σθ, then χ(Σθ) ≤
N(θ). This holds simply because χ(S) ≤ 1 for any compact and connected surface with bound-
ary.
Combining these facts with inequality (1), we obtain
2pi
∫
S1
N(θ) ≥ 2pi
∫
S1
χ(Σθ) ≥
1
2
inf
M
RM
∫
S1
Area(Σθ) ≥
1
2
sys2(M,∂M) inf
M
RM
∫
S1
N(θ).
Cancelling factors, we get
sys2(M,∂M) inf
M
RM ≤ 4pi,
as we wanted.
Suppose now that equality holds. Then, analysing all the previous steps, we have
(i) Hess(u) ≡ 0 on M ;
(ii) RM ≡ infM RM > 0 is constant along M ;
(iii) H∂M ≡ 0 along ∂M ;
(iv) χ(Σθ) = N(θ) for every θ ∈ S1.
Firstly, notice that condition (i) implies that du has constant norm (different from 0). So,
every level set Σθ is regular and totally geodesic. Indeed, let A denote the second fundamental
form of a level set of u, and let X,Y be tangent vectors of that level set. Then
A(X,Y ) =
〈
∇XY,
∇u
‖∇u‖
〉
=
1
‖∇u‖
〈
∇XY,∇u
〉
= −
1
‖∇u‖
〈
∇X∇u, Y
〉
= −
1
‖∇u‖
Hess(u)(X,Y ) = 0.
Secondly, the Bochner formula for the (harmonic) gradient 1-form h = u∗(dθ) reads
∆
1
2
‖h‖2 = ‖Dh‖2 +Ric(h, h).
Since ‖h‖ = ‖du‖ is constant and Dh = Hess(u) ≡ 0, we get Ric(h, h) = Ric(∇u,∇u) = 0.
Now, the Gauss equation for a level set Σθ of u,
Ric(N,N) =
1
2
(
RM −Rθ +H
2
θ − ‖Aθ‖
2
)
,
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gives that the sectional curvature of Σθ is constant and equal to
1
2RM (which is itself constant by
(ii)). Here, N = ∇u‖∇u‖ denotes the unit normal, Rθ the scalar curvature, Hθ the mean curvature
and Aθ the second fundamental form of Σθ. This way, each component of a level set of u is
isometric to a geodesic ball (by condition (iv)) of a round sphere.
Finally, fixing a connected component S of a level set of u, the gradient flow of u, Φ : S×R→
M ,
∂Φ
∂t
=
∇u
‖∇u‖
◦ Φ,
defines a local isometry. It is easy to see that it is also a covering map. Since the boundary of
M is minimal, we conclude that S must be a hemisphere of a round sphere. This completes the
proof of the theorem. 
We now prove Theorem 1.3.
Proof of Theorem 1.3. Fix a nontrivial harmonic map u : M → S1 satisfying homogeneous Neu-
mann boundary condition. From the proof of the previous theorem, we know that any regular
level set Σθ of u represents a nontrivial class in H2(M,∂M ;Z). Since the connecting homo-
morphism is injective, it follows that ∂Σθ also represents a nontrivial class in H1(∂M ;Z). So,
invoking Theorem 2.1 as before, we have
2pi
∫
S1
N(θ) ≥ 2pi
∫
S1
χ(Σθ) ≥
∫
S1
(∫
Σθ
1
2
(‖du‖−2‖Hess(u)‖2 +RM ) +
∫
∂Σθ
H∂M
)
≥
1
2
inf
M
RM
∫
S1
Area(Σθ) + inf
∂M
H∂M
∫
S1
Length(∂Σθ)
≥
1
2
sys2(M,∂M ;Z) inf
M
RM
∫
S1
N(θ) + sys1(∂M) inf
∂M
H∂M
∫
S1
N(θ)
Cancelling factors, we get
1
2
sys2(M,∂M) inf
M
RM + sys1(∂M) inf
∂M
H∂M ≤ 2pi,
as we wanted. The analysis of the equality case goes as in the proof of Theorem 1.2. Just
notice that, in the present situation, the boundary of M need not be minimal. Therefore, each
component of a level set of u is isometric to a geodesic ball of radius r and area sys2(M,∂M)
of a round sphere. Finally, just use the formula for the area A of a spherical cap of radius r in
a sphere of radius a: A = 2pia2
(
1− cos
(
r
a
))
. 
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